We look at a number of simple, but representative, models of extended electroweak gauge structures, and present the general contributions to aµ from the heavy Z ′ and W ′ electroweak gauge bosons. Of the models we have examined, none can explain the observed discrepancy between the current experimental value of aµ and the Standard Model prediction if we require that the gauge fields explain the discrepancy by themselves. In the context of models with new matter fields as well as the additional gauge fields discussed here, however, the gauge field contributions to aµ can be a substantial and important part of the discrepancy.
Introduction
The recent measurement of the muon anomalous magnetic moment, a µ , by the Brookhaven E821 Collaboration [1] has raised the tantalizing possibility that new physics lies within the reach of current (or soon to be conducted) experiments. If we assume that the discrepancy between this measurement and the Standard Model prediction, δa µ = a µ (exp) − a µ (SM) = 426(165) × 10 −11 , (1.1)
really is due to new physics, we should consider all possible mechanisms that may generate a value of this size and sign. Many authors have weighed in with possible explanations of the discrepancy, including, among other possibilities, supersymmetric scenarios [2, 3] , muon substructure [4] , leptoquark models [5, 6] , scenarios with extra dimensions [7, 8] , and exotic fermions [9] . In this letter, we would like to consider a different class of models, namely "pure gauge extensions" to the SU(2) L × U(1) Y Standard Model electroweak gauge structure. By "pure gauge extension" we mean that we add additional gauge groups, those scalars with non-zero VEVs that are necessary to break the gauge symmetries, and those spectator fermions necessary to cancel gauge anomalies, but no other degrees of freedom. We are motivated to consider these models by the fact that the difference between experiment and the Standard Model prediction is of the same order, and has the same sign, as the Standard Model weak contribution: to two loop order, the Standard Model weak contribution is a µ (weak) = 152(4) × 10 −11 , with the three loop contribution predicted to be negligible compared to this value (for a recent review to the theoretical state of the art, we cite [10] and the references therein). In this letter, we will consider only the one loop contributions of the extended gauge symmetries; extrapolating from the Standard Model, we might expect the two-loop expressions to reduce the contributions found here by a few percent, but the precise size of the contribution is less crucial to our explorations than are the general results we obtain.
Other authors have considered contributions to a µ from new gauge bosons [9, 11] . We will consider a different class of models, based on the extended gauge groups SU(2) × SU(2) × U(1) and SU(2) × U(1) × U(1). First, we will discuss the general structure and properties of models of these types, and present relations which can be used to calculate the contributions of general electroweak Z ′ and W ′ bosons to the muon anomaly. We will then apply these results to three specific classes of extended electroweak models: lepton-quark nonuniversal models (the ununified models), left-right symmetric models, and generation non-universal models.
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In addition, we will consider the effects of fermion mixing in the generation non-universal models, where the new gauge structure admits tree level, flavor changing couplings in the charged lepton sector. In each of these cases, we will use the measured muon anomaly to either constrain the masses of the new gauge fields under the assumption that the new fields are responsible for all of the discrepancy, or we will use precision electroweak bounds on the masses of the new fields to find the maximum contribution they can make to the discrepancy. We will then draw some general conclusions and suggest future directions in model building in light of our results.
General Results
Any extended electroweak gauge model must have the experimentally well verified Standard Model SU(2) L × U(1) Y gauge structure at low energy. Despite the strong experimental constraints on the properties of the electroweak sector, there are still numerous gauge extensions that can both satisfy the constraints and permit interesting, relatively low-energy phenomenology. We consider the general properties of the following electroweak gauge extensions:
In each case, the extended symmetry is broken by the vacuum expectation value (VEV) of some scalar object Σ (which may be fundamental or composite) at energy scale u, followed by the Standard Model breakdown by φ at energy scale v. We assume that the higher breaking scale, u, is high compared to the Standard Model breaking scale v (such that u 2 /v 2 ≫ 1); this ensures that the new contributions to a µ will be dominated by the additional heavy gauge fields and not the small shifts in the couplings of the Standard Model gauge fields. Current limits from precision electroweak data ensure that this is true in the specific models we examine later.
In order to review the structure of the couplings that arise in the models above, we generalize our notation for the groups
which gives rise to the covariant derivative (displaying for simplicity only the neutral sector)
with diagonal generators τ i . At the scale u, a first stage of breaking occurs. Two of these groups (take G 2 and G 3 ) mix, leaving a diagonal, unbroken group G 2 ′ , and a massive gauge field which couples approximately tog
where φ is the mixing angle between the unbroken and broken gauge fields, andg = g 3 sin φ = g 2 cos φ. At the scale v, a second stage of breaking occurs, and the remaining two unbroken groups (G 1 and G 2 ′ ) mix, leaving an unbroken U(1) em and a second massive (but lighter) gauge boson. The remaining, unbroken gauge group gives rise to an exactly massless photon, with generator
while the generator of the second massive gauge field is
The generators of the Z 0 and Z ′ mass eigenstates differ from those above by order one terms that are multiplied by powers of v 2 /u 2 ; the differences are negligibly small to the order we are working, and we will not consider them here. Any charged gauge fields in the model obtain similar generators, but these are more model dependent and will not be discussed in detail here.
We note in passing that even larger gauge extensions, such as SU(2) × SU(2) × U(1) × U(1), are possible; see, for example, [13] . We will not consider them explicitly here because, in general, we expect that the lowest mass vectors will posses many of the properties of the vectors we study here, and the heavier states will make negligible contributions to a µ . In general, we expect that our general results will be independent of the precise details of such large extensions.
The gauge structure of these models assures that, to lowest order, the couplings of the new gauge fields to the photon will have the same structure as for the Standard Model electroweak gauge fields. In particular, there will be no new multi-gauge boson vertices such as Z 0 Z 0 γ or W ′ Wγ. With this restriction, we can find the general one-loop contributions of new charged and neutral vectors to a µ . The one-loop contribution in Feynman gauge from charged vectors in the narrow width approximation (Γ W ′ = 0) is given by
where the first line comes from a diagram with two W ′ bosons in the loop, the second line contains the contributions of the two diagrams with one vector is replaced by the unphysical scalar, and the final two lines are the contribution where both vectors are replaced by unphysical scalars. Most of the terms in the above expressions arise from our definition of the coupling between the gauge fields, the muon, and a "neutrino" (which can be any neutral fermion in the extended model with appropriate quantum numbers) in the Lagrangian
We have written the interaction both in terms of the vector, v i , and axial, a i , couplings and in terms of the left, C i L , and right, C i R , chiral couplings, 2 where the sum indicates that we can couple the muon to any of the neutrinos, ν i . The remaining terms include the neutral fermion mass, m int , and the vector mass M . In the limit that the model has no additional heavy neutral fermionic states (that is, there are only the neutrinos), that those neutrinos are massless, and that the muon mass is small compared to the vector mass, the above expression reduces to
In particular, this result holds in the Standard Model case, where
The different types of couplings are related by
in agreement with the standard results. We can similarly derive an expression for the contribution of neutral vectors at one-loop. In Feynman gauge and narrow width approximation, we find
where the second and third lines are the contributions from the unphysical scalar diagram. Most terms again arise from the Lagrangian couplings
where we have explicitly included the possibility of flavor changing neutral couplings; although most of the gauge extensions we will look at contain a GIM-like mechanism that requiresl = µ, there are extensions where this is not the case. When such tree level flavor changing couplings are allowed, the v and a terms will include the mixing factors, and we will have to sum over all possiblel that can circulate inside the loop. In the limit where the µ andl masses are small compared to the vector mass, the above expression reduces to
where we have explicitly retained the possibility that the new gauge physics will admit flavor changing neutral current (FCNC) couplings. In the Standard Model the GIM cancellation ensures that m int = m µ , and the gauge couplings are given by g eff = g/ cos θ W , C L = −1/2 + sin 2 θ W , and C R = sin 2 θ W . The Standard Model Z 0 contribution to a µ is then
The contributions to a µ from scalars with non-vanishing VEVs (i.e. v = 0) are negligible, and will not be considered further. Detailed derivations of all of these expressions are presented in [14] and compared to the references cited therein.
Model Contributions to a µ
In this section, we analyze the contributions to a µ from a number of explicit realizations of the three models presented at the beginning of the previous section. We divide this section into three subsections, devoting one to each of the following classes of models: the ununified (lepton-quark non-universal) models, the left-right symmetric models, and the generation non-universal models.
Ununified Models
In the Ununified Models, leptons and quarks are assigned charges under different gauge groups. The Ununified model of Georgi, Jenkins and Simmons [15, 16] has the unbroken gauge group
where the left-handed leptons charged under SU (2) ℓ L and the left-handed quarks under SU (2) q L . The dominant additional contributions to a µ in this case are from the Z ′ and W ′ which couple to
We have also used the shorthand s φ = sin φ and c φ = cos φ. In this case, the contributions to a µ can be determined from Equations 2.5 and 2.7; we find
where we have combined the Z ′ and W ′ contributions, since M Z ′ = M W ′ to lowest order. Limits obtained on this Ununified model from precision electroweak data [17] can be used to find upper bounds on this contribution. The largest possible value of this contribution is less than 10 −11 (except for s φ ≈ 1), and hence these vectors can not by themselves explain the observed discrepancy.
We could also consider an ununified model with gauge group
and of course there is no W ′ . The contribution to a µ is then given by
We can use the experimental value of a µ to place a limit on the value of M Z ′ necessary to fully account for the observed discrepancy
In order not to disagree with the LEP precision observables, however, s φ must be small (otherwise the contribution to leptonic observables near the Z 0 pole from the Z ′ coupling above would be large), hence t φ must be smaller than 1. This requirement effectively rules out a model of this type as the sole explanation for the a µ discrepancy, as such a light Z ′ would have been observed at CERN LEP and the Fermilab Tevatron.
Left-Right Models
In the Left-Right Models, left-and right-handed fermion doublets transform under different gauge groups. While there are many ways to build such models (for a brief overview and references, see [18] ), we choose to analyze a "generic" model with the gauge group
where the left-handed fermions transform as doublets under SU(2) L , the right-handed fermions transform as doublets under the SU(2) R , and both left-and right-handed fields charged under the B − L hypercharge (baryon number minus lepton number). The coupling of the gauge heavy neutral, Z R , field is given by
while the coupling to the heavy charged, W R , field is given by
We can determine a µ from Equation 2.7, and we obtain
Assuming a very conservative 500 GeV lower bound on the mass of the Z R , we find that the Z R /W R contribution to a µ is less than 20 × 10 −11 for 0.23 < s φ < 0.99; for 0.1 < s φ < 0.23, a µ is less than 100 × 10 −11 . For smaller and larger values of s φ , the contributions rise quickly. The contribution to a µ , of course, falls rapidly for larger gauge boson masses.
Generation Non-universal Models
In the Generation Non-universal models, the third generation fermions are charged under a different gauge group than the first and second generation fermions. We will consider two models.
Generation non-universal models arise in certain extended technicolor models [19, 20] , and the topflavor models [21] . Here we examine the non-commuting extended technicolor (NCETC) scenario due to Chivukula, Simmons, and Terning [20] . This model has the gauge group
where SU (2) ℓ L couples to the left-handed first and second generation fermions (the ℓight generations) and SU (2) h L couples to the left-handed third generation fermions (the heavy generation). The coupling is given by
where again, the
3 Again, we can determine the contribution to a µ from the results in Equations 2.5 and 2.7, and we obtain
The constraints from precision electroweak data on the "light" case of NCETC in [20] imply that the largest possible contribution to a µ is smaller than 3 × 10 −11 . Thus, this extension alone can not explain the discrepancy.
There are other generation non-universal models; Topcolor Assisted Technicolor (TC2) [22] , for example, contains an extend weak sector with gauge group
The coupling of the Z ′ is given by
If we choose to assign fermionic charge for the muon under U (1) ℓ Y as in the Standard Model, then scaling from the Standard Model Z 0 contribution, we find
Chivukula and Terning have used precision electroweak data to constrain the parameters of this TC2 model [23] (our hypercharge assignment is their "optimal" scenario, which we label OTC2); using their results, we find that the OTC2 contribution to a µ can be no greater than about 0.3 × 10 −11 . Hence, this model can not explain the discrepancy by itself.
In a gauge theory with a larger gauge group than the Standard Model where the couplings of the fermions are not generation universal, there will arise, in the absence of additional symmetries, tree level mixings between fermion mass eigenstates at gauge-fermion-fermion vertices, even if all neutrino masses are zero. [11, 12, 21, 24] In other words, there will be no automatic GIM cancellation in the extended neutral current interactions, although the SM neutral currents will still admit an approximate GIM mechanism in these cases. If we don't eliminate these couplings (with additional discrete flavor symmetries, for example), we have to consider the possibility that heavier fermions may propagate on the internal lines of the Z ′ diagram. From Equation 2.7, we see that heavy internal fermions can make potentially large contributions to a µ . Let us see how this works.
Consider the extended neutral current Lagrangian with the fermions in the "gauge basis" (where the Lagrangian is diagonal in the gauge basis flavor space, but where the coupling matrix is not necessarily a multiple of the identity)
where Ψ G is a vector of charged fermions, and C Z ′ is the vertex operator matrix in the gauge basis. It is important to note that C Z ′ is diagonal, but is not a multiple of the identity: C Z ′ = αI. We now perform a rotation to the gauge basis Ψ G = Λ GM Ψ M . Inserting this rotation, we find the Lagrangian in the fermion mass basis
where
, which may not even be diagonal, permitting tree level flavor changing couplings in the extended neutral current sector.
What couplings do we find for these flavor changing interactions? Consider the diagonal (flavor conserving) elements in a three generation model, for example the 
Applying three-generation unitarity and rearranging, we find
We can now consider toy flavor mixing extensions to the generation non-universal models studied above (NCETC and OTC2). We assume these toy models have the following properties
Conclusion
We have presented general expressions for the contributions of neutral and charged vector bosons to the anomalous magnetic moment of the muon. We then looked at a number of simple, but representative, models with extended electroweak gauge structures, and calculated their contributions to a µ . We found that, in general, models with different gauge interactions for the leptons and quarks (the ununified models), and models with different gauge interactions for the heavy and light fermions (the generation non-universal models) with flavor diagonal couplings, are both constrained by precision electroweak data and can make only very small contributions to a µ , of order 10 −11 . Models with extended left-right symmetries can make sizeable contributions, although only in limited regions of parameter space; they generally make contributions that are also of order 10 −11 . Interestingly, the generation non-universal models, as they admit the possibility of flavor changing tree level couplings, can provide potentially large contributions to a µ ; even with small mixing between the muon and the tau, some of these models can generate contributions of up to 35 × 10 −11 . However, of the models we have examined, none can explain the observed discrepancy between the current experimental value of a µ and the Standard Model prediction, even if we assume that the masses of the new gauge bosons are as small as those allowed by precision electroweak data. In the context of models with additional matter fields as well as the additional gauge fields discussed here, we have shown that some of the gauge field contributions to a µ can be substantial and important. The final results of the E821 Collaboration along with the results of high energy collider experiments will soon be able to tell us much more about the possible existence of extended electroweak interactions.
